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The introduction of ultrashort-echo-time-(UTE)-sequences to clinical whole-body MR scanners has
opened up the field of MR characterization of materials or tissues with extremely fast signal decay. If
the transverse relaxation time is in the range of the RF-pulse duration, approximation of the RF-pulse
by an instantaneous rotation applied at the middle of the RF-pulse and immediately followed by free
relaxation will lead to a distinctly underestimated echo signal. Thus, the regular Ernst equation is not
adequate to correctly describe steady state signal under those conditions. The paper presents an analyt-
ically derived modified Ernst equation, which correctly describes in-pulse relaxation of transverse mag-
netization under typical conditions: The equation is valid for rectangular excitation pulses, usually
applied in 3D UTE sequences. Longitudinal relaxation time of the specimen must be clearly longer than
RF-pulse duration, which is fulfilled for tendons and bony structures as well as many solid materials.
Under these conditions, the proposed modified Ernst equation enables adequate and relatively simple
calculation of the magnetization of materials or tissues. Analytically derived data are compared to
numerical results obtained by using an established Runge–Kutta-algorithm based on the Bloch equations.
Validity of the new approach was also tested by systematical measurements of a solid polymeric material
on a 3 T whole-body MR scanner. Thus, the presented modified Ernst equation provides a suitable basis
for T1 measurements, even in tissues with T2 values as short as the RF-pulse duration: independent of RF-
pulse duration, the ‘variable flip angle method’ led to consistent results of longitudinal relaxation time T1,
if the T2 relaxation time of the material of interest is known as well.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction times (T2) the steady state signal can be adequately described by
Recently introduced ultrashort-echo-time-(UTE)-sequences
have the potential to visualize a variety of tissues and materials
(e.g. cortical bone, solid polymeric materials) on clinically used
whole-body MR scanners [1–4]. Applying these UTE sequences, tis-
sues with an extremely fast signal decay cannot only be visualized
by means of magnetic resonance imaging (MRI), but also character-
ized regarding their transverse and longitudinal relaxation times as
well as possible magnetization transfer effects [5]. In three-dimen-
sional (3D)-UTE-imaging, a short rectangular radiofrequency (RF)
pulse is often used for non-slice-selective excitation of the tissue
followed by centric radial or spiral k-space sampling [6–9]. For
parenchymal tissues and fluids with long transverse relaxation
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the well-known regular Ernst equation for spoiled gradient-echo-
sequences, if ‘‘ideal” spoiling of transverse magnetization before
each single excitation pulse can be assumed [10–12].

In materials or tissues with extremely short transverse relaxa-
tion time, marked relaxation of transverse magnetization takes
place already during RF excitation which leads to so called in-pulse
relaxation effects: the regular Ernst equation, in which the RF-
pulse effect is represented by a simple instantaneous rotation of
the magnetization vector and immediately followed by free relax-
ation, is not valid anymore, since it will lead to a distinctly under-
estimated echo signal at echo time TE. Thus, the regular Ernst
equation is not adequate to correctly describe steady state signal
under those conditions and has to be replaced by a modified ver-
sion of the Ernst equation, which additionally accounts for marked
effects of in-pulse relaxation. Thus, only a modified Ernst equation
will allow for accurate assessment of the course of magnetization
and determination of longitudinal relaxivity by means of the ‘var-
iable flip angle method’ in specimen with transverse relaxation
times similar to the RF-pulse duration.
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In this study, an analytically derived, modified version of the
Ernst equation for fast spoiled GRE-sequences is presented taking
into account effects of transverse in-pulse relaxation. Numerical
simulations were performed by using an established Runge–
Kutta-algorithm based on the Bloch equations and results were
compared to those analytically obtained using the regular and
the modified Ernst equation.

By means of a 3D UTE sequence, signal intensities from a sam-
ple of solid polymeric material were recorded on a 3 T whole-body
MRI unit applying a variety of nominal flip angles at different dura-
tions of the RF excitation pulse. Longitudinal relaxation time (T1)
was calculated by fitting the regular and modified Ernst equation
to the series of signal intensities recorded with variable nominal
flip angles.
2. Materials and methods

2.1. Regular and modified Ernst equation

The signal yield using fast spoiled gradient echo sequences can
be described by the regular Ernst equation, if the following prereq-
uisites are fulfilled: T1 and T2� of the investigated tissue have to be
much longer than the duration of the applied RF excitation pulse
(TRF), repetition time (TR) is clearly longer than T2� (transverse
magnetization has vanished when the next RF-pulse is applied or
‘‘ideal” spoiling can be assumed) and signal is acquired when stea-
dy state conditions are reached [10–12]:

MTR ¼ M1 �
ð1� E1Þ � sin a
1� E1 � cos a

� e�TE
T2� ð1Þ

with E1 ¼ e�TR=T1 and nominal flip angle a.
This equation essentially consists of terms describing the

amount of magnetization which is ‘‘converted” from the longitudi-
nal into the transverse direction, if steady state conditions are
reached. These terms are followed by the effective mono-exponen-
tial signal decay between RF-pulse and signal acquisition under
free relaxation conditions.

However, relaxation processes during the RF excitation pulse
must be additionally considered, if spin–spin (T2) or spin–lattice
(T1) relaxation time of the material under investigation is not
much longer than the RF-pulse duration. Since in many cases lon-
gitudinal relaxation time T1 is much longer than the duration of
the RF excitation pulse TRF [2,13], the effect of longitudinal relaxa-
tion during the RF excitation pulse will be neglected in this work
and this assumption is further discussed later on. For significant
transverse relaxation effects during rectangular RF excitation the
sine and cosine terms have to be modified as shown in Appendix 1:

sinðaÞ ! b ¼ e�s � a
U
� sinðUÞ
Fig. 1. 3D UTE sampling scheme: A rectangular radiofrequency (RF) excitation
block pulse with duration TRF is followed by 3D centric radial sampling of the
k-space data (TAQ) after echo time TE = TRF/2 + d1; schematically drawn are read
gradients (Gread) and acquisition window (AQ). Delay time d1 between end of RF
excitation pulse and acquisition of centric k-space data; d2 between begin of centric
k-space acquisition and next RF excitation. For comparison, the case of an
infinitesimally short ‘‘delta” RF-pulse in the middle of time period TRF, as considered
by analytical calculations with the regular Ernst equation, is also depicted.
cosðaÞ ! a ¼ e�s � cosðUÞ þ s
U
� sinðUÞ

h i
U is derived from the nominal flip angle a (in radians) by the fol-
lowing equations: U ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � s2
p

and s ¼ TRF=ð2 � T2�Þ. Thus, the reg-
ular Ernst equation is transferred into the modified Ernst equation,
which also considers significant transverse relaxation effects during
a rectangular RF excitation pulse:

MTR ¼ M1
ð1� E1Þ � b
1� E1 � a � e

� TE
T2��sð Þð Þ ð2Þ

The term M1
ð1�E1Þ
1�E1�a refers to the longitudinal steady state mag-

netization before the excitation pulse, the term M1
ð1�E1Þ
1�E1�a � b refers

to the converted transverse and M1
ð1�E1Þ
1�E1�a � a to the residual longitu-

dinal magnetization after the excitation pulse.
To be in accordance with the regular Ernst equation, the echo
time (TE) is defined as the time from centre of the RF excitation
pulse to the point when central k-space data is acquired.

Obviously, the modified Ernst equation (Eq. (2)) equals the reg-
ular Ernst equation (Eq. (1)), if the transverse relaxation time T2� is
much longer than the duration of the rectangular RF excitation
pulse TRF. In this case s approaches zero and thus no in-pulse relax-
ation effects of transverse magnetization can be observed.

In the presented study, effects of the modified Ernst equation on
resulting longitudinal and transverse magnetization in the steady
state were studied and compared to results from the regular Ernst
equation. Since only the ratio of RF-pulse duration to transverse
relaxation time (TRF/T2�) and the ratio of repetition time to longitu-
dinal relaxation time (TR/T1) are relevant in Eq. (2), variations of
those ratios were evaluated in the following.

2.2. Numerical simulation

The analytically derived modified Ernst equation (Eq. (2)) was
compared to results from a numerical simulation using an estab-
lished Runge–Kutta-algorithm, which was implemented in a
home-written C++ program. The numerical simulation was based
on a five-stage Runge–Kutta algorithm with fourth-order accuracy,
step width was set to one microsecond. The transverse magnetiza-
tion at the beginning of the RF-pulse was set to zero in our simu-
lation, since in materials and tissues with extremely small T2�

values the created transverse magnetization has completely van-
ished before the beginning of the next RF excitation pulse. Trans-
verse magnetization was assessed when steady state conditions
were reached (after at least 100 excitation cycles).

Numerical calculations were based on a timing with TR =
TRF + d1 + d2 (Fig. 1). In this timing scheme TRF represents the total
duration of the rectangular RF excitation, d1 represents the period
of free relaxation between the end of the rectangular RF excitation
pulse and the time point when central k-space data is acquired
(beginning of readout period, before starting the spatial encoding
gradient in centric radial UTE sequences). The time interval d2 rep-
resents the remaining time until the starting point of the next RF
excitation pulse. For real sequences a delay time (d1 = 0.02 ms)
between the end of the rectangular excitation pulse and starting
of signal readout has to be considered as a scanner specific time
constant, which is needed for switching from transmit to receive
mode.
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In numerical simulations, transverse relaxation times were var-
ied between T2� = 0.02 ms and T2� = 100 ms in order to assess ef-
fects of transverse in-pulse relaxation. Transverse magnetization
was evaluated in a range of nominal flip angles between 5� and
90� at a set of constant parameters (TRF = 0.2 ms, TE = 0.12 ms,
TR = 6.1 ms, T1 = 150 ms). In this context, it should be mentioned
that for long T2� values (T2� = 100 ms) and relatively short repeti-
tion times (TR = 6.1 ms) the assumption that transverse magneti-
zation has completely vanished before the next RF-pulse is no
longer valid. However, signal spoiling as usually implemented in
UTE sequences provides (nearly) negligible transverse interfer-
ences, even in cases with T2� � TR.

Furthermore, in a second simulation the repetition time TR was
varied between TR = 6 ms and TR = 50 ms at a constant set of
parameters (T2� = 0.26 ms, TE = 0.42 ms, TRF = 0.8 ms, T1 = 150 ms).

In the analytical derivation of the modified Ernst equation, longi-
tudinal relaxation during RF excitation was assumed to be negligible
(Appendix 1). Therefore, it had to be tested which minimum T1/TRF

ratio is tolerable regarding the practical use of the proposed modi-
fied Ernst equation. For nominal flip angles between 5� and 90� (flip
angle increment of 5�) and different ratios of T1/TRF = (10, 5, 1), we
investigated differences between numerical simulations and results
obtained using the modified Ernst equation. For this evaluation rep-
etition time was set to TR = (100, 10, 1) ms, echo time and RF-pulse
duration were set to TE = 0.07 ms and TRF = 0.1 ms, respectively. For
all investigated T1/TRF ratios and the three investigated repetition
times, an additional influence of T2�/TRF on the longitudinal in-pulse
relaxation was also evaluated by setting T2� = T1 (for the longest
possible transverse relaxation time) or T2� = 0.1 ms (with
TRF = 0.1 ms) for marked in-pulse relaxation of transverse magneti-
zation. Calculated differences between numerical simulation and
modified Ernst equation were considered relevant, if signal intensi-
ties from the modified Ernst equation differed by more than �2%
from the numerically calculated transverse magnetization.
3. Experimental setting

3.1. MRI scanner and specimen

All images were recorded on a 3 T whole-body scanner (MAG-
NETOM Trio, Siemens Healthcare, Erlangen, Germany). The maxi-
mum gradient strength was 45 mT/m along each orthogonal axis
with a maximum gradient slew rate of 200 T/m/s. A sample of solid
polymeric material (Polyurethane: PUR) was examined and posi-
tioned close to the centre of an eight channel circularly polarized
transmit/receive extremity coil (Intermagnetics General Corpora-
tion, New York, USA). The coil itself was placed in the isocenter
of the horizontal bore (free diameter of 60 cm) of the magnet
and of the gradient system. PUR was used since it shows a fast
and almost mono-exponential signal decay (T2� < 0.5 ms),
combined with a relatively long longitudinal relaxation time
(T1 > 100 ms) [2]. For transmitter and receiver adjustment a 3%-
agar containing tube was positioned inside the scanner, since the
solid polymeric material did not provide sufficient signal intensity
to allow for automatic transmitter adjustments by the clinical MR
system. After transmitter adjustment the agar tube was subse-
quently removed and replaced by the cylindrical solid polymeric
specimen, positioned with its axis along the static magnetic field
in order to avoid potential susceptibility effects.
3.2. Sequence design

All images were recorded by means of a 3D UTE spoiled gradi-
ent echo sequence with centric radial k-space sampling. After
rectangular RF excitation (minimal pulse duration TRF = 0.1 ms)
and the delay needed for switching from transmit to receive mode
(d1 = 0.02 ms), the sequence begins to acquire data points in
k-space as soon as the readout gradient starts to ramp up
(Fig. 1). Every radial projection starts in the centre of k-space and
acquires 128 complex data points in each half projection with an
oversampling factor of two. All images were acquired with the
following parameters: FoV = 128 mm, isotropic resolution 1 mm,
readout bandwidth was 2370 Hz/pixel resulting in a duration of
the readout window of TAC = 0.422 ms per each half projection.

In all measurement series the nominal flip angle was varied be-
tween 5� and the maximum achievable nominal flip angle, which
was limited by either restrictions of SAR (specific absorption rate)
or the maximum allowed transmitter voltage of the coil. Three
measurement series with variable flip angle excitation (flip angle
increment of 5�) were performed using RF-pulse durations of
TRF = 0.1 ms, 0.2 ms or 0.4 ms.

3.3. Analysis of acquired data

For each investigated RF-pulse duration the modified Ernst
equation (Eq. (2)) as well as the regular Ernst equation (Eq. (1))
were fitted to the obtained signal yield at various flip angles. The
routine uses a home-written MATLAB algorithm (The MathWorks
Inc., Matick, MA) applying a least-square approach for fitting. Fitted
parameters were M1 and longitudinal relaxation time T1. Values
for RF-pulse duration TRF and repetition time TR were known from
pulse sequence. Furthermore, T2� had to be determined separately
using the routine described in the next section.

3.4. Transverse relaxation time measurement

Correct prediction of in-pulse relaxation effects (i.e. calculation
of terms a and b in Eq. (2)) requires knowledge about T2� of the
specimen. Measurement of T2� was done by means of a 3D UTE se-
quence with TRF = 0.1 ms, TR = 10 ms, nominal flip angle was set to
the angle with the experimentally determined greatest signal yield
(a = 20� for PUR at TRF = 0.1 ms). Transverse relaxation time (T2�)
was calculated from a set of signal intensities recorded by using fif-
teen different delay times in a range between d1 = 0.02 ms and
d1 = 1.42 ms (with an increment of 0.1 ms). Assuming a mono-
exponential decay the signal intensity Sd1 is described as:

Sd1
¼ S0 � exp � d1

T2�

� �
ð3Þ

Noise correction was performed as described below and T2� val-
ues were calculated on a pixel-by-pixel basis according to Eq. (3)
applying a least-square approach for fitting. For this task home-
made MATLAB (The MathWorks Inc., Matick, MA) image processing
routines were applied.

3.5. Noise correction of magnitude images

Noise contributions to signal intensities, measured in magni-
tude images with a low signal-to-noise ratio, might lead to system-
atic errors in relaxometry. For this reason all acquired images were
noise corrected before further post-processing [14] on a pixel-by-
pixel basis according to Eq. (4):

SCorr: ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðSUncorr:Þ2 � ðSNoiseÞ2

q
ð4Þ

SNoise describes the arithmetic mean of the background signal mea-
sured in four ROIs (each about 100 pixel) placed around the inves-
tigated sample in an object free, homogenous area without any
artifacts. SUncorr. is the uncorrected (measured) signal intensity of
each pixel and SCorr. represents the respective noise corrected signal
intensity of each pixel.
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4. Results

4.1. Analytical simulation

In Fig. 2A the expressions a and b can be regarded as a measure
for longitudinal (Mtr) and transverse (Mz) magnetization, respec-
tively, directly after application of a single RF-pulse. In contrast,
Fig. 2B shows the trajectory of longitudinal and transverse magne-
tization in case of steady state conditions, as described above. In
both figures longitudinal and transverse magnetization are evalu-
ated without considering additional effects of echo time TE. As
intuitively expected, it can be seen that for increasing values of s
and for the same nominal flip angle a, T2� relaxation during the
RF-pulse reduces the transverse magnetization (described by the
term b), but also less magnetization is rotated and a larger residual
longitudinal magnetization remains (described by the term a). The
transverse steady state signal is decreased for decreasing values of
T2�. However, if echo time TE is additionally considered and de-
fined from the centre of a rectangular RF-pulse to the time point
when central k-space data is acquired (as usually done no matter
if RF-pulse duration is finite or infinitesimal short) behavior of
transverse magnetization becomes different as shown in Fig. 2C
and D. If the effective transverse relaxation time T2� is in the range
of the pulse duration, the approximation of the RF-pulse by a sim-
ple rotation matrix applied at the time of the centre of the pulse
will become incorrect. The resulting transverse magnetization is
distinctly underestimated at time point TE. This results from the
fact that for nominal flip angle between 0� and 90� transverse sig-
nal loss during excitation is always less pronounced than for the
free relaxation case. Exemplarily the temporal development of
transverse steady state magnetization is shown in Fig. 2D.
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Fig. 2. (A) Shows the trajectories of the (normalized) magnetization after application of
nominal flip angles alpha = 0�, 5�, 10�, . . . 85� and 90�. Trajectories are shown for vario
expressions a and b can be seen as a measure for longitudinal (Mz) and transverse (Mtr

trajectory of the steady state magnetization after application of a rectangular RF-pulse of
and 90�. Trajectories are shown for various values of T2� = 50, 100, 500 ls and T2� much
T1 = 0.1 are shown, corresponding to the longitudinal and transverse magnetization, respe
and B, the behavior of transverse and longitudinal steady state magnetization after a rect
(circles)) at various flip angles followed by a short period of free relaxation; parameters w
the temporal development of the transverse steady state magnetization during a rectan
other parameters were the same as in C. The dashed line in D shows the temporal deve
infinitesimal short RF-pulse with identical parameters.
Results from analytical simulations regarding different ratios of
both TRF/T2� and TR/T1 as well as variable nominal flip angles are
exhibited in Fig. 3. The absolute difference between the maximum
achievable signal intensity using a rectangular RF-pulse (with
duration TRF) and an infinitesimal short RF-pulse (applied in the
middle of the time period TRF) reaches for the ratio TRF/T2� a local
maximum at TRF/T2� � 2.34 for various conditions of TR/T1
(Figs. 3B and 4A). In contrast, the higher the ratio TR/T1 the larger
is also the absolute difference in maximum achievable normalized
signal between both approaches (Fig. 3E), but there is no ratio at
which a local maximum is reached. In contrast to conditions where
no in-pulse relaxation of transverse magnetization occurs, it can be
seen that for longer RF-pulse durations (and a constant T2�) the
nominal flip angle should be adjusted to clearly higher values than
predicted by the regular Ernst equation in order to obtain maxi-
mum achievable transverse magnetization (Fig. 3C). Applying long-
er TR (at a constant T1) shifts the nominal flip angle with
maximum normalized signal also to higher nominal flip angles
for both the regular and modified Ernst equation (Fig. 3D). How-
ever, small difference in the Ernst angles between both equations
can still be observed (Fig. 3F).

In summary, especially in cases of pronounced in-pulse relaxa-
tion, the regular and modified Ernst equation differ markedly in the
predicted signal yield as well as in the nominal flip angle at which
the signal intensity is maximized (Figs. 3 and 4).
4.2. Numerical simulation

Numerical simulations based on the Bloch equations were per-
formed in order to compare the numerical results with the predic-
tions by the modified Ernst equation. Under the condition that
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Fig. 3. Analytical solution of the steady state transverse magnetization, i.e. signal yield over a flip angle range from 0� to 90� showing the results of the regular Ernst equation
as dotted lines, the results of the modified Ernst equation as solid lines. (A) Shows the results for variable T2� = (0.02, 0.1, 0.26, 100) ms at constant parameters TRF = 0.2 ms,
TE = 0.12 ms, TR = 6.1 ms, T1 = 150 ms. Results of TRF/T2� = 0.002 and TRF/T2� = 0.769 are indicated, the other two ratios (TRF/T2� = 2 and TRF/T2� = 10) are shown below. (D)
Shows the result for variable TR = (6, 16, 26) ms at constant parameters T2� = 0.26 ms, TRF = 0.8 ms, TE = 0.42 ms, T1 = 150 ms. Results of the investigated ratio TR/T1 = 0.173
are indicated, whereas results for the other two ratios (TR/T1 = 0.107 and TR/T1 = 0.04) are shown below. Circles in (A and D) represent the respective data obtained by
numerical simulation. (B and E) Show the absolute difference in maximum achievable signal yield between the regular and modified Ernst equation. (C and F) Show the
difference in the nominal flip angle leading to maximum signal yield (i.e. Ernst angle).
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T1� TRF, all calculations with variable ratios of TRF/T2� and TR/T1
led to similar results of the numerical simulation and the modified
Ernst equation (Fig. 3A and D). Deviations between numerical sim-
ulation and modified Ernst equation became relevant (>�2% at
high nominal flip angles of 80–90�), if longitudinal relaxation time
was only five times longer than the RF-pulse duration. This finding
was independent of transverse in-pulse relaxation effects (T2�/TRF)
or repetition time TR, exemplarily see Fig. 5. Thus, under condi-
tions with relatively short T1 � TRF, it is no longer possible to
calculate exact T1 values based on the ‘variable flip angle method́
and the proposed modified Ernst equation.

4.3. Experimental results

Using an echo time increment of 0.1 ms, transverse relaxation
time T2� could be estimated by assuming a mono-exponential sig-
nal decay for the investigated solid polymeric material (Fig. 6). This
indicates that true transverse relaxation effects rather than



Fig. 4. (A) Shows the difference in maximum achievable signal yield between the regular and modified Ernst equation for a range of TRF/T2� and TR/T1 combinations which
can be observed in tissues and materials with extremely fast signal decay. (B) Shows the difference in the predicted flip angle with maximum signal yield (Ernst angle)
between regular and modified Ernst equation.

Fig. 5. (A) Circles represent normalized signal obtained from numerical simulation with different T1/TRF ratios (T1/TRF = 1, 5 10) at constant parameters TRF = 0.1 ms,
TR = 10 ms, T2� = 0.1 ms and TE = 0.07 ms. Results for T1/TRF = 1 are indicated, results of the other two ratios are shown below. Predicted signal from modified Ernst equation
is shown as a solid line. (B) Shows the deviation between numerical and analytical signal yield for the investigated T1/TRF ratios. Results for T1/TRF = 1 or 5 are indicated,
results of the ratio are shown below.
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B0-inhomogeneities are responsible for the signal decay. In Fig. 6,
pixel-wise calculation of T2� shows a relatively homogenous distri-
bution of values throughout the specimen with T2� = 295.6 ± 3.1 ls
(arithmetic mean ± standard deviation). Maximum achievable
nominal flip angles were 43�, 62� and again 62� at RF-pulse dura-
tions of TRF = 0.1 ms, TRF = 0.2 ms and TRF = 0.4 ms, respectively.
Maximum achievable nominal flip angles were limited due to
restrictions in either the maximum allowed peak voltage of the
RF excitation pulse (for TRF = 0.1 ms) or SAR (for TRF = 0.2 ms and
TRF = 0.4 ms).

Both, the modified as well as the regular Ernst equation (Eqs. (2)
and (1), respectively) could be easily fitted to the signal intensity
data for each measurement series at various flip angles (Fig. 7).
Residual plots of both the regular and modified Ernst equation
did not show marked differences in the fit quality for all three
investigated RF-pulse durations. However, the resulting T1 relaxa-
tion times were quite different. Using previously determined T2�

values, distribution maps of longitudinal relaxation times were cal-
culated on a pixel-by-pixel basis. Relatively homogenous distribu-
tion of T1 values are depicted throughout the sample (Fig. 8). For
the modified Ernst equation, calculated T1 values did not depend
on the RF-pulse duration and can thus be regarded as accurate.
In contrast, the use of the regular Ernst equation results in mark-
edly shorter longitudinal relaxation times, if longer RF-pulse dura-
tions are used, which is unacceptable for a proper T1 measurement
(Table 1).
5. Discussion

As shown in the presented work the approximation of a RF exci-
tation pulse by a simple rotation matrix will become incorrect, if
the effective transverse relaxation time T2� is in the range of the
RF-pulse duration. Intuitively one might expect the following:
For increasing values of s and for the same nominal flip angle a,
T2� relaxation during the RF-pulse reduces the obtained transverse
magnetization, less longitudinal magnetization is rotated and a lar-
ger residual longitudinal magnetization remains.

However, if the echo time TE is also considered and TE is, as
usually done, defined from the middle of an excitation pulse until
acquisition of central k-space data, the resulting transverse magne-
tization is distinctly underestimated by the regular Ernst equation.
This finding occurs due to the fact that transverse signal loss during
a finite RF excitation pulse is always less pronounced than com-
pared to the case of free relaxation after an infinitesimal short
RF-pulse.

Consequently, if the echo time TE is fixed one should better use
longer RF-pulses in order to increase signal yield. In contrast,
shorter RF-pulses allow us to reduce the echo time TE, which is
even more effective in terms of gaining higher signal amplitudes.
If the RF-pulse duration is shortened too much, it may lead to an-
other problem: the transmitter voltage, which is needed to achieve
a specific nominal flip angle, might be beyond the capabilities of
the MR system and thus imaging at the Ernst angle may not be



Fig. 6. A nearly mono-exponential signal decay of the investigated solid polymeric material polyurethane is shown in (A) (circles: measured mean signal yield at various echo
times, solid line: two parameter fitted mono-exponential signal decay curve). A homogenous distribution of transverse relaxation time (T2�) is revealed by the pixel-wise
calculated T2�-map in Figure 6B. The red circle within the polymeric sample indicates the region-of-interest which was used to estimate mean T2� ± standard deviation as
shown in Table 1.

Fig. 7. (A) Shows observed signal intensity at various flip angles for three different RF-pulse durations. Solid lines represent fitted signal decay curves for both regular and
modified Ernst equation. (B) Shows residuals for the fitting procedures of the three investigated pulse durations. Residuals of the regular Ernst equation are presented as
circles, the ones of the modified Ernst equation as crosses.

Fig. 8. Relatively homogenous distribution of longitudinal relaxation time (T1) of polyurethane in T1-maps calculated on a pixel-by-pixel basis from images recorded with
rectangular RF excitation pulse of duration TRF = 0.1 ms (A, D), TRF = 0.2 ms (B, E) and TRF = 0.4 ms (C, F). Calculations were performed by means of the modified Ernst equation
(A–C) and by means of the regular Ernst equation (D–F). The black circle in A indicates exemplarily the region-of-interest used for evaluation of arithmetic mean T1 ± standard
deviation as presented in Table 1.
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achieved. In this case, it might be better to broaden the RF-pulse
slightly to increase signal intensity. Furthermore, one should also
take into account that the nominal flip angle with the highest
achievable transverse magnetization shifts to higher flip angles
than predicted by the regular Ernst equation, if T2� approximates
TRF.
It must also be noted that the analytically derived modified Ernst
equation for 3D UTE sequences describes signal yield only in a cor-
rect manner, if T1 is much longer than the duration of the RF excita-
tion pulse TRF. However, numerical simulations showed that the
deviation between the analytically calculated signal yield and the
numerical simulations is only �2% at high flip angles, if T1 is five



Table 1
Experimental results for longitudinal relaxation times (T1) of solid polymeric material
polyurethane (PUR).

T1 (ms)

TRF = 0.1 ms TRF = 0.2 ms TRF = 0.4 ms

Modified signal equation 224.8 ± 3.4 223.2 ± 3.7 224.8 ± 4.0
Regular signal equation 202.2 ± 3.3 181.8 ± 3.0 152.3 ± 2.6

TRF: duration of rectangular RF excitation pulse; T1: longitudinal relaxation time.
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times longer than TRF. This finding was independent of a possible in-
pulse relaxation of transverse magnetization. Since cortical bone and
most solid polymeric materials show T1 values in the order of hun-
dreds of milliseconds [2,13,15], longitudinal relaxation during RF
excitation can be neglected at pulse durations of 0.1–0.4 ms. Fur-
thermore, it has to be stated clearly that the presented modified
Ernst equation is only valid for non-slice-selective, rectangular RF
excitation pulses, which are usually applied in 3D UTE sequences.

In addition to relaxation of transverse magnetization during RF
excitation, the relaxation during signal sampling is another factor,
which hampers diagnostic image quality. It broadens the point
spread function and thus limits the achievable resolution by pro-
nounced blurring effects [8]. In 2D UTE sequences, working with
shaped RF-pulses, transverse relaxation during RF excitation does
not only influence signal yield and spatial resolution, but also re-
duces the quality of the slice profile [16–20]. Additionally applied
RF-pulses for saturation of fatty tissue and long-T2 components
might also hamper the in vivo applicability of the proposed modi-
fied Ernst equation [21–23]. The impact of those long-T2 prepara-
tion pulses on the signal yield from short-T2 components should be
additionally investigated in future studies.

In the general case of off-resonant RF-pulses it is necessary to ap-
ply the equations reported by Mulkern and Williams [24]. Unfortu-
nately, this more general approach leads to relatively complicated
expressions, while the use of the clearly simpler modified Ernst
equation – proposed in our work – seems sufficient in many practical
cases.

For accurate assessment of longitudinal relaxation time T1, one
has to previously determine the transverse relaxation time of the
tissue or material investigated. Thus, T1 measurement has to be
necessarily accompanied by an additional measurement of T2� or
at least an estimation of transverse relaxivity. However, if tissues
or materials with extremely fast signal decay are to be character-
ized by their relaxation times, one might measure the transverse
relaxivity anyway.

On clinically used, whole-body MRI units transverse relaxation
time T2 cannot be assessed using conventional spin-echo tech-
niques in tissues or materials with extremely fast signal decay.
Thus, the effective transverse relaxation time T2� was estimated
by means of a 3D UTE sequence with variable delay time d1. Gen-
erally, T2� is shorter or equal compared to the true spin–spin relax-
ation time T2. Since the investigated material PUR does not
generate extensive field distortions based on susceptibility or dipo-
lar effects, measured T2� values are expected to be mainly domi-
nated by the spin–spin relaxation T2.

In many cases, especially regarding medical examinations of
tendons, ligaments or cortical bone, but also in solid polymers, sev-
eral different T2 (and T2�) moieties may occur [25,26]. In those
cases, mono-exponential signal fitting is critical and might lead
to inappropriate T2� values and, as a consequence, also to ham-
pered T1 measurements. However, for simplicity reasons a
mono-exponential signal decay of the investigated solid polymeric
sample was assumed.

In the experiments regarding the longitudinal relaxivity of the
investigated sample, it was shown that both the regular and
modified Ernst equation can be used for fitting signal intensities
at various flip angles with almost identical residuals (Fig. 7). Thus,
one can not easily determine – by estimating the quality of the fit –
which equation is suitable. Using the regular Ernst equation,
resulting longitudinal relaxation times were shown to be clearly
dependent on RF-pulse duration. This finding reveals that reliable
T1 measurements in specimen with considerable in-pulse relaxa-
tion are impossible, if in-pulse relaxation effects are not taken into
account. In contrast, using the modified Ernst equation, effects of
in-pulse relaxation are adequately compensated and calculation
of longitudinal relaxation time from acquired data did not vary
with RF-pulse durations (T1 = 224.8 ± 3.4 ms at TRF = 0.1 ms and
at TRF = 0.4 ms: T1 = 224.8 ± 4.0 ms) as shown in Fig. 8 and Table 1.

In conclusion, the modified Ernst equation correctly accounts
for transverse in-pulse relaxation effects and allows calculation
of transverse magnetization in the steady state, if transverse relax-
ation time T2� of the investigated tissue is known. The modified
Ernst equation is only valid for conditions with T1 clearly longer
than TRF, but this prerequisite is usually fulfilled for UTE examina-
tions of materials or tissues with extremely short transverse relax-
ation times. Numerical simulations of the signal behavior and
experiments with a solid polymeric material confirmed the analyt-
ically obtained results. Thus, the modified Ernst equation allows,
by means of the ‘variable flip angle’ approach, calculation of longi-
tudinal relaxation times in materials and tissues with extremely
fast transverse relaxation.

Appendix 1

In order to derive a signal equation for spoiled GRE-sequences
considering transverse relaxation with very short T2�, the Bloch
equations have to be solved during an on-resonant rectangular
pulse. The direction of the pulse only influences the phase of the
steady state transverse magnetization and not the magnitude.
Therefore, w.l.o.g. a pulse is assumed in x-direction with amplitude
B and duration TRF considering transverse relaxation during appli-
cation of the pulse described by T2�. The Bloch equations denote

d M
!

dt
¼ ðxx

_
� R

_

ÞM
!
þR1 �M1 ez

!

with

xx
_
¼

0 0 0
0 0 cB

0 �cB 0

0
B@

1
CA

and

R
_

¼
R2� 0 0
0 R2� 0
0 0 R1

0
B@

1
CA

where R1: = 1/T1, R2�: = 1/T2� and M1 is the longitudinal equilib-
rium magnetization in z-direction.

Although the following computations could also be carried out
for arbitrary R1 and R2� (see comment below), longitudinal relax-
ation will be ignored, i.e. R1 = 0 is assumed in order to simplify
the calculation and expressions. This is justified by the fact that
in many practical applications T1 is much longer than TRF.

By setting A
_

:¼ xx
_

TRF � R
_

TRF, the (formal) solution of the Bloch
equations above at time TRF is given by M

*

ðTRFÞ ¼ expðA
_

ÞM0

*

where

M0

*

is the initial magnetization at time t = 0. To get an explicit solu-
tion expðA

_

Þ has to be calculated. By defining the two-dimensional
matrix

R
_

¼
� R2�

2 TRF a
�a R2�

2 TRF

 !
;
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where a :¼ cBTRF is the flip angle, A
_

and expðA
_

Þ can be expressed as
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� �
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where I
_

is the two-dimensional unity matrix.
With R2

_

¼ �U2 I
_

, where U :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � s2
p

and s :¼ R2�
2 TRF, it fol-

lows R2n
_

¼ ð�1ÞnU2n I
_

and R2nþ1
_

¼ ð�1ÞnU2n R
_

. With aid of the ser-

ies expansion of the exponential, sine and cosine functions, expðR
_

Þ
can be explicitly calculated obtaining

expðR
_

Þ ¼
cosðUÞ � s

U � sinðUÞ a
U � sinðUÞ

� a
U � sinðUÞ cosðUÞ þ s

U � sinðUÞ

 !
:

By using expðA
_

Þ instead of the rotation matrix Rx

_

ðaÞ for the
calculation of the steady state signal, setting E1 ¼ expð�TR=T1Þ �
expð�ðTR � TRFÞ=T1Þ for the free relaxation term and defining TE as
time from the centre of the RF-pulse until acquisition of central k-
space data the following equation results.

Mss ¼ M1
ð1� E1Þ

1� E1 � expð�sÞ � ½cosðUÞ þ s
U � sinðUÞ� � expð�sÞ � a

U

� sinðUÞ � expð�ðTE=T2� � sÞÞ;

which is the same expression as in Eq. (2).
Without ignoring longitudinal relaxation described by R1 the

Bloch equations become a system of inhomogeneous differential
equations, which could principally be analytically solved the same
way as described above by explicit calculation of expðA

_

Þ in the for-
mal solution of the inhomogeneous differential equation and by
using the identity

�R2�TRF a
�a �R1TRF

� �
¼ �R2� þ R1

2
TRF I

_

þ
� R2��R1

2 TRF a
�a R2��R1

2 TRF

 !
;

leading, however, to more elongate expressions. For a general ana-
lytical solution of the Bloch equations including relaxation and off-
resonant RF-pulses see Ref. [24].
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